A model of evolution of entanglement of bipartite quantum state is studied. It involves recently introduced quantum block spin-flip dynamics and the concept of formation of entanglement. For initially separable states the considered evolution leads to entangled states. We observe and discuss general two-points correlation function for that type of dynamics.
I. INTRODUCTION
The global dynamics of interacting classical particle system is given by continuous-time Markov processes on certain spaces of configuration of particles.
1 Turning to the quantum theory one wants to have analogous structures with similar nice applications to concrete models. We remind that a general description of nonequilibrium dynamics of quantum systems demands quantum counterparts of such stochastic Markov dynamics. Furthermore, the efforts to understand the nonequilibrium dynamics of quantum systems, including in particular the construction and study of quantum dissipative semigroups are as old as the equilibrium theory of these systems. Although on the abstract level a quite well developed theory exists (e.g. [2] , [3] , [4] , [5] , [6] ), still the progress in concrete applications to nontrivial quantum systems is relatively slow. One of the main problems in this domain is how to construct (explicitly!) a translation invariant semigroup on a (noncommutative) set of observables which not only preserves essential algebraic properties of this set but also satisfies a detailed balance condition. In the series of papers ( [7] , [8] , [9] , [10] , [11] ) B. Zegarlinski and one of us have shown that it is useful to employ the generalized quantum Liouville space technique (so quantum L p -spaces) to overcome the above difficulty. In particular, they used it to study stochastic dynamics satisfying detailed balance condition in some appropriately chosen quantum L 2 -space associated to a given Gibbs state. They were also able to define, explicitly, generators of stochastic dynamics of block spin-flip type using generalized conditional expectations. Such the approach proved to be very fruitful in the sense that it led to the broad class of interesting dynamical maps, e.g. to quantum analogues of Glauber and Kawasaki dynamics. Moreover, this technique appeared to be useful in the analysis of ergodic properties of such quantum evolution. On the other hand, it is widely accepted point of view that quantum entanglement is one of the most striking and very useful features of the quantum formalism ( [12] , [13] ). Therefore, having the powerful technique and nice examples of quantum stochastic maps, it is natural to ask the question concerning quantum evolution of entanglement, where the evolution is given by the just described quantum stochastic maps. To answer this difficult question we decided to restrict our attention to a concrete model: to finite volume case and to block spin-flip type dynamics. However, we emphasize that the presented theory has a fairly straightforward generalization to infinite dimensional case as well as to others quantum jump processes. The paper is organized as follows: in Section II we review some of the standard facts on the constructive approach to quantum stochastic dynamics. Moreover, we summarize without proofs the relevant material on quantum jump processes. Then, in Section III, we consider an operational measure of entanglement, so called the formation of entanglement (cf. [14] ). The basic idea behind that definition is to use certain properties of states which are defined on the tensor product of the set of observables. Section IV is devoted to the study of time evolution of entanglement of block spin-flip type dynamics while in Section V we proceed with a detailed exposition of the factorization properties of some properly chosen correlation functions. We end the paper with a discussion which may be summarized by saying that we got the additional evidence in support of the statement that quantum Liouville space technique provides a natural and fruitful recipe for explicit construction of interesting genuine quantum counterparts of classical dynamical maps. Therefore, such maps are well suited to describe a transmission of quantum correlations.
II. QUANTUM BLOCK SPIN-FLIP DYNAMICS
In the general approach to quantum jump-type dynamics of quantum systems on a lattice it is convenient to consider firstly the finite volume case, so a system associated with a finite region Λ, and then to perform the thermodynamic limit with Λ going to Z d (where
. To simplify our exposition as much as possible we restric ourselves to the essential ingredient of finite volume case (for a general description see [7] , [9] , [10] ). Namely, we shall consider a composite system I + II associated with a region Λ = Λ I ∪ Λ II , where Λ i , i = I, II are disjoint subregions of the lattice Z d . To have a concrete dynamical system we will describe the construction of the block spin-flip dynamics related to the region Λ. To this end we associate with Λ I (Λ II ) the finite dimensional Hilbert space H Λ I ≡ H 1 (H Λ II ≡ H 2 ) as the space of its pure states, the set of density matrices S 1 (S 2 ) and, the set of all bounded linear operators B(H 1 ) (B(H 2 )) as the algebras of observables. Thus, the composite system Λ is described by H 1 ⊗ H 2 , S 1 ⊗ S 2 and
To describe systems with interactions it is enough to single out interaction potentials associated with region Λ (Λ 1 , Λ 2 respectively). This leads to the corresponding Hamiltonians
We remind that ρ is an invertible operator, i.e. ρ −1 exists. Guided by the classical theory, where conditional expectations serve for the construction of jump type stochastic processes, we will use their non-commutative generalizations to define the infinitesimal generator L Λ,Λ I ≡ L of the corresponding quantum spin-flip semigroup where the "block spin flip" was carried out on Λ I (⊆ Λ). For this let us introduce a map
where
with T r 1 denoting the partial trace (over the Hilbert space H 1 ). Using the above defined conditional expectation E we can introduce the following operator L defined on B(
. Given a state ω ρ , defined by a density matrix ρ, ω ρ = T r(ρ(·)), one can define on B(H 1 ⊗ H 2 ) the following scalar product
Then one can verify that (B(H 1 ⊗ H 2 ), ·, · ωρ ) is (quantum) Hilbert space (which can be called the quantum Liouville space). Moreover, one can show that L is a well defined bounded Markov generator such that
From this it easily follows that the following semigroup T Λ t (≡ T t ) = exp(tL) is a well defined Markov semigroup such that: it is self-adjoint on the quantum Hilbert space, the state ω ρ is invariant one (with respect to T t ) and T t can be represented as the sum of the following convergent series:
III. MEASURE OF ENTANGLEMENT
Again, let us consider a composite system Λ = Λ I ∪ Λ II which is described by the Hilbert space H = H 1 ⊗ H 2 , S, B(H 1 ⊗ H 2 ). One can single out the following subset S sep , separable states, in S:
) is a state on B(H 1 ) (B(H 2 )). States in S\S sep are called entangled or, equivalently, non-separable states. It is well known that S sep is a proper (even not dense) subset in S. We recall that a separable state describes a composite quantum system prepared in such a way that there do exist distant, classical correlations. One the other hand, quantum entanglement is subtler than classical correlations. Namely, a system in an entangled state possesses quantum correlations. We recall that the distinction between entangled and separable states is well established for pure states. For mixed states however, the statistical properties of the state can hide the quantum correlations embodied in the system. This is a reason that a distinction between separable and entangled states is enormously difficult. Due to the recent works by Peres [15] and Horodeccy [16] there exists a simple criterion allowing one to judge whether a given density matrix ρ representing a 2 × 2 or 2 × 3 composite system, is separable or not. On the other hand, the general problem of finding sufficient and necessary operational condition of separability in higher dimensions seems to be open. But, as our aim is to examine time evolution of block spin-flip type we need a general criterion. Therefore, we describe here the general measure of entanglement. To this end we define the map r :
where ω ∈ S B(H 1 ⊗H 2 ) and a ∈ B( To show this let us take an arbitrary but fixed positive y from the unit ball of B(H 2 ). If ω(1 ⊗ y) = 0 then Cauchy-Schwarz inequality leads to the statement above. If ω(1 ⊗ y) = 1 then we apply the above argument to the operator 1⊗(1−y). So suppose that 0 < ω(1⊗y) < 1 and observe:
Clearly, ω 1 and ω 2 are well defined states on B(H 1 ). But our assumption implies ω 1 (x) = ω 2 (x). Hence rω = ω 1 = ω 2 and
As the generalization for an arbitrary y ∈ B(H 2 ) is evident the statement follows. Conversely, it is a standard fact in operator algebras that if ω is a state on B(H 1 ) then there exists a state ω over B(H 1 ⊗ H 2 ) which extends ω. If ω is a pure state of B(H 1 ) then ω may be chosen to be a pure state of B(H 1 ⊗ H 2 ). Now we are in position to give (cf. [14] ):
where, as before, r denotes the restriction map while S stands for the von Neumann entropy, i.e.
Then we have the following separability criterion (cf. [17] ): ω is a separable state if and only if there exists a decomposition of ω = i λ i ω i with
To show this, it is enough to note that S(ω ′ ) = 0 only for a pure state ω ′ . Then the proof is straightforward. We end this Section with the remark that the presented definition of E(·) and its discussed properties do not depend on the dimension of the underlying Hilbert space. Moreover, in the application of E to the block spin-flip dynamics we shall identify state ω on B(H) with the density matrix ρ via the formula ω(A) = T r(ρA) for A ∈ B(H).
IV. EVOLUTION OF ENTANGLEMENT
In this and in the next section we will look more closely at the time evolution of quantum correlations. Here, we will present the simplest nontrivial example clearly showing that quantum dynamics can produce this type of correlations. To this end we will analyze 2 × 2 system with block spin-flip dynamics. So H 1 = C 2 = H 2 and the Hilbert space of the composite system is given by C 2 ⊗ C 2 ≈ C 4 . Let {ξ 1 , ξ 2 } be an orthonormal basis in C 2 . We define:
One can easily check that
forms the orthonormal basis in C 4 . Let us define a faithful density matrix ρ on C 4 which is given by the formula:
We will need (I) Let H 1 , H 2 be Hilbert spaces. For every x, v ∈ H 1 and y, z ∈ H 2 we have: 
Let us remind some basic properties of that type dynamics:
Thus, we are in position to study the following duality problem: We may consider the time evolution T t as the family of maps T t : A → A, then we can apply the standard equivalence between Schrödinger and Heisenberg picture to to determine the evolution T d t of a state σ. To this end we define:
for any state σ and any observable f . Therefore, we are able to describe explicitly the time evolution of states for that type of dynamics, which is given by the following mapping:
where the dual E d of the infinitesimal generator E is defined by the equality:
and the series in the right hand side of (4.7) is convergent. Using (4.4) we can write:
Thus, we get:
Let us put σ = σ I ⊗ σ II , and remind that ρ was defined by (4.2). Obviously
Using (I) we can easily calculate T r 1 (ρ) =
For simplicity, we will denote 1 I and 1 II briefly by 1 when no confusion can arise. Analogously:
Eventually, we obtain:
We introduce the following notation:
Inserting (4.2), (4.11) and (4.16) into (4.10) we get:
Using (4.1) and performing some lengthy calculation one can obtain:
Now, we assume that λ 2 = λ 3 which implies χ 1 = χ 2 = χ. Then,
To estimate the measure of entanglement E(·) we have to get the spectral decomposition of [17] where the general strategy how to detect separability of a state is described). Performing some easy but tedious calculations we arrive at the following decomposition:
is the orthonormal basis defined as below:
In particular, we have λ ± > 0, η ± , κ± = 0. Now, we use our measure of entanglement E(·). Obviously, E(σ I ⊗ (a|ξ 1 ξ 1 | + b|ξ 2 ξ 2 |)) = 0 (σ is separable state). However,
and ρ is not a pure state. Then
On the other hand:
Thus, within the perturbation calculus in the first order a separable state σ evolves to the entangled state (1 − t)σ + tE d (σ).
V. FACTORIZATION OF TWO-POINTS CORRELATION FUNCTIONS
To get additional evidence to prove that {T t } are genuine quantum maps we will examine correlation functions. Again, we will restrict our attention to the simplest nontrivial case. Namely, as before we will consider a (finite volume) composite system I + II, block spinflip dynamics T t , and instead of the entanglement measure E(·) we will study two-point correlation functions T t (f )g ρ . We begin with a remark that the perturbation calculus implies:
where L(f ) stands for infinitesimal generator of T t . The last equation in the above expression comes from the Taylor expansion of T t . In particular
will describe dominating changes of the chosen dynamics for small times. To fix simple initial conditions we assume that the state ρ is separable, i.e.
with ρ I i and ρ II i being the states of the subsystem I and II, respectively. From now on we make the assumption that the density matrix ρ is invertible one. This assumption stems from the general strategy of construction of quantum maps, namely we associated quantum Hilbert space L 2 (A) with a given Gibbs state. Obviously, any Gibbs state has this property. We also note that if ρ is an invertible density matrix then T r 1 (ρ) has this property too. This observation will be used throughout this section. We also assume that f and g are of the form:
with F ∈ B(H 1 ) and G ∈ B(H 2 ), i.e. f (g) is an element of the subsystem I (II respectively). One can easily check that
The factorization of the correlation function (5.5) may be interpreted in such a way that for the observables F , G and the separable state ρ, the composite system I + II exhibits only classical correlations. Now, we return to (5.2). It is evident that the key point is to examine the correlation function:
Note that if
we would have a "classical" evolution. Otherwise, we may conclude that the considered dynamic is a genuine quantum one as it "destroys" the classical correlation. We will show that factorization similar to that given by (5.5) need not take place, i.e. the "classical" correlations of the physical system do not survive the quantum evolution. To do this, we must find first the general form of the correlation function (5.6). As a result of longish (however not difficult) calculations we get the following characterization of the considered correlation functions: 
and the matrix elements in the basis {ϕ i ⊗ φ j } are:
Moreover, a j are the eigenvalues of T r 1 (ρ).
A. General characterization of factorization
To examine the just described correlation functions, as before, we assume that ρ, ρ I and ρ II (with or without indexes) denote states on H 1 ⊗ H 2 , H 1 and H 2 , respectively. Although every separable density matrix on H 1 ⊗ H 2 has infinite number of decompositions, where by a decomposition we will mean here every finite sum of the form i λ i ρ = ρ, it turns out that all of them are equivalent in some sense. The following result says that the factorization of the correlation function E(f )g ρ is not dependent on the particular choice of the decomposition of ρ. It is of great importance since it allows us to examine the factorization for any decomposition of ρ with conclusions valid for any other decomposition. 
To show this let ρ = i λ i ρ Again, coefficients η klpq have the corresponding factorizations. One can easily check that ∀ k,l,p,q η klpq = η klpq . To deduce one decomposition from the another one it is enough to observe the following equalities:
) with κ i , χ i scalars, and take into account the linearity of trace as well as the corresponding factorizations. Thus we have:
which concludes the proof. As a next step of a mathematical framework for a characterization of correlation functions we want to give the necessary and sufficient condition for the factorization of such functions. 
(ii) for every k, l ∈ {1, 2, . . . , n} and j, i ∈ {1, 2, . . . , m} the following equality holds:
If the condition (ii) holds for some basis {ϕ i } then it holds also for any other basis { ϕ i } (basis {φ j } unchanged!). Conversely, if (ii) does not hold for given basis {ϕ i } then it does not hold for any other basis
Proof. Take the bases {ϕ k }, {φ j } such as described in the proposition. Calculate
in the basis {ϕ k ⊗ φ j }. Using (5.10) we get: 
It is an easy observation that if |A p | = 1 for some p then the corresponding vector φ p is the common eigenvector for all the matrices ρ i . This means that the number of sets A p in the partition {A p } with the cardinality one equals the number of common eigenvectors for all the matrices ρ i . In particular if {ρ i } is K-quasi-abelian for K = n then it is abelian in traditional sense. On the basis of the above definition we can formulate the sufficient conditions for factorization of the correlation function using the above type of commutativity properties of the families {ρ 
(factorization of the correlation function)
We will prove the implication assuming (i). One can prove the statement under (ii) by similar reasoning. Let us first prove that (5.12) holds. To this end let us take the bases {ϕ i } and {φ j } such that ρ 
where ρ jj is eigenvalue of ρ corresponding to φ j . Since ρ klji = 0 if l = k (which implies kkqi = ρ kkji . Hence, if (5.13) holds then for every j, i ∈ {1, . . . , m} such that j = i, we have: if ρ jj = ρ ii then ρ kkji = 0 for k = 1, . . . , n. But ρ kkji = 0 means l λ l η lkk ξ lji = 0. Since η ikl = δ ik δ il we have 0 = l λ l η lkk ξ lji = l λ l δ lk ξ lji = λ k ξ kji ⇒ ξ kji = 0 as from the definition of decomposition ∀ l λ l > 0. Thus the set { ρ II i } has the following property: if ρ jj = ρ ii then for every k ∈ {1, . . . , n} we have ( ρ II k ) ji ≡ ξ kji = 0. From Definition V.1 it follows that the set {ρ II i } is K-quasi-abelian for some K ≤ m. Thus we have proved the following result: 
C. Factorization and nondegeneracy of density matrix
The next result provides a criterion for the factorization of correlation functions under the nondegeneration condition specified below. To show this equivalence we will need the following statement: where
One can easily check that (5.14) is a well defined decomposition of ρ (in particular if λ s = 0 then ρ ssji = 0 for j, i = 1, · · · , m). Of course { ρ I s } is abelian. The proof of the second statement is similar. Now we are in position to give the promised result which shows a relation between factorization of correlation function and the spectral properties (nondegeneracy) of density matrix.:
Assume that the reduced density matrix ρ = i λ i ρ II i (≡ T r 1 (ρ)) has nondegenerated eigenvalues. Then the following conditions are equivalent:
The implication (i) ⇒ (ii) has been already proved in section V B. To show that (ii) implies (i) let us consider {ϕ i } Multiplying the above equality by ρ jj ρ ii gives:
By assumption ρ jj = ρ ii , hence ρ lkji = 0 whenever j = i. Our statement follows then from the previous result.
Results of this section provide a natural and intrinsic characterization of the two-points correlation function for block spin-flip dynamics and for initial separable state. But one question still unanswered is whether the factorization or non-factorization of such functions is genuine property for the considered dynamics. To answer this question we want to show that there are a lot of separable density matrices for which the correlation function E(f )g ρ can not be factorized. Namely, we have the following:
The set of density matrices such that the equality
does not hold is dense in S sep where S sep = {ρ ∈ S sep : T r 1 ρ is invertible}.
2
The proof of Proposition V.2 is given in Appendix A. We want to complete this section with the observation that there exists the strict connection between the problem of factorization of the correlation function and separability of the square root ρ 
The proof of Proposition V.3 is given in Appendix B. Note that the above sufficient conditions for the separability of the square root of ρ are essentially weaker than that for factorization of the correlation function.
VI. CONCLUSIONS
Our work was intended as an attempt to answer the following open questions: are there laws governing the transport properties of entanglement in physical systems? Might there be natural and intrinsic characterization of entanglement? We remind that the problem of understanding the principles governing the behaviour of quantum entanglement follows from the fact that entangled states are used in discussions on interpretation of quantum mechanics, in description of superdense coding, and quantum cryptography. To answer this question we studied a simple model: bipartite system with quantum block spin-flip dynamics.
We have shown that this type of evolution, defined in pure quantum terms and describing quantum analog of Glauber dynamics, may enhance quantum entanglement. Moreover, we have clearly indicated that the measure of entanglement E(·) is the proper tool for an analysis the problem of how much entanglement is present in a given quantum state. One may conjecture that the proved enhancement of entanglement for block spin-flip type dynamics is also a property of other jump-type processes. Therefore it would be desirable to perform similar analysis of other quantum jump-type processes e.g. for exchange type dynamics. As this task is out of scope of the paper, such analysis will be studied in the separate article. But, the affirmative solution would allow one to say that quantum jumptype processes, constructed within quantum Liouville-space technique, are well suited to describe subtleties of quantum evolution. Acknowledgement: It is a pleasure to thank M. Marciniak for inspiring discussions. The work of (W.A.M) has been supported by KBN grant PB/0273/PO/99/16.
APPENDIX A:
In this appendix we give the proof of Proposition V.2. Let us introduce the following notation: S nd ⊂ S sep , ρ ∈ S nd if and only if the eigenvalues of ρ = T r 1 (ρ) are not degenerated, S nf ⊂ S sep , ρ ∈ S nf if and only if E(f )g ρ can not be factorized, S ndf := S nd ∩ S nf . Denote by e i the eigenvalue of ρ corresponding to eigenvector φ i . Of course we have e i := φ i | ρ|φ i . Without loss of generality we can assume that only one eigenvalue is degenerated. In particular we can assume that e 1 = e 2 . Let ǫ > 0. We will show that there exists ρ ∈ S nd such that ||ρ − ρ|| < ǫ. Take η such that 0 < η < 1 2 min{ǫ, |e 3 − e 1 |, . . . , |e m − e 1 |}. Define:
Note that ρ is well defined density matrix on H 1 ⊗H 2 . Moreover, the reduced density matrix
has only nondegenerated eigenvalues e 1 = e 1 , e 2 = e 2 (1 − η), . . . , e m = e m (1 − η), so ρ ∈ S nd . The lack of degeneracy stems from the choice of η because for all i = 3, . . . , m we have |e i − e 1 | > 2η and, evidently |e i η| ≤ η. Now, suppose that e 1 = e j for some j ∈ {3, . . . , m}. We have:
which yields a contradiction, since η was assumed to be positive.
To complete the proof we must check that the inequality ||ρ − ρ|| < ǫ holds. Indeed:
Then the set S ndf is dense in S nd in uniform topology (equivalently, is dense in any operator topology).
Proof. Let ρ ∈ S nd and dimH 2 = m. Suppose that E(f )g ρ can be factorized. Then, from the relation between factorization and nondegeneracy of density matrix (see section V C) there exists decomposition ρ = } is abelian. We can assume that N equals dimH 2 and ρ II i = |φ i φ i |, where {φ j } is the orthonormal basis of H 2 such that ρ = T r 1 (ρ) is abelian. Denote by e i the eigenvalue of ρ corresponding to the eigenvector φ i (we have e i = φ i | ρ|φ i ). Without loss of generality we can assume that eigenvalues of ρ are ordered decreasingly, i.e. e 1 > e 2 > . . . . Let ǫ > 0. We will show that there exists ρ ∈ S ndf such that ||ρ − ρ|| < ǫ. Take η such that 0 < η < ǫ/2. Let {ϕ i } n i=1 be arbitrary but fixed orthonormal basis of H 1 . Define: Denote the left-hand side and right-hand side of the above equality by L i P , respectively, we have: ϕ 1 ⊗ φ 1 |L|ϕ 1 ⊗ φ 2 = 0 and ϕ 1 ⊗ φ 1 |P |ϕ 1 ⊗ φ 2 = i 8 η = 0 which yields a contradiction. Thus, ρ ∈ S ndf . To complete the proof we must check that the inequality ||ρ − ρ|| < ǫ holds. Indeed:
(1 − η)λ i ρ 
Proof (of Proposition V.2).
The following inclusions hold: S ndf ⊂ S nd ⊂ S sep . According to Lemma A.1 and Lemma A.2, S nd is dense in S sep and S ndf is dense in S nd , respectively. It means that S ndf is dense in S sep . Moreover, we have: S ndf ⊂ S nf ⊂ S sep which implies that S nf is dense in S sep . The proof is completed. 
